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Abstract: We study solitons in three dimensional non-commutative scalar eld theory
at innite non-commutativity parameter θ. We nd the metric on the relative moduli
space of all solitons of the form jnihnj and show that it is Ka¨hler. We then nd the
geodesics of this metric and study the scattering of these solitons. In particular we nd
that the scattering is generally right angle for small values of the impact parameter. We




Quantum eld theories on non-commutative spaces have lately received a revival of in-
terest, both as seemingly consistent non-local deformations of the highly constrained
structure of local quantum eld theory, and as theories that appear in various limits
of M theory compactications [1] or the low-energy eective theory of D-branes in the
presence of a background Neveu-Schwarz B-eld [2, 3]. Conversely, a study of the per-
turbative properties of non-commutative eld theory reveals that it has many stringy
features [4, 5, 6, 7].
Recently, following the pioneering work [8], soliton solutions of non-commutative eld
theory have been studied [9, 10, 11, 12, 13, 14]. In particular it seems that the solutions
often have nice interpretation as string theory states. Particularly interesting is the case
when the non-commutative solitons are combined with tachyon condensation [9, 14]. Then
one can study various string states in the standard closed string vacuum without D-branes.
The trick used is to start with a D-brane anti-D-brane pair with a NS B-eld turned on;
after the tachyon eld condenses into a soliton conguration, the brane anti-brane pair
annihilate each other so that only the soliton remains.
This paper is organized as follows. In section 2 we review the results of [8]. In section
3 we study the simplest two soliton solution in more detail. In section 4 we nd the metric
on the relative moduli space of the simplest two soliton solution and nd the geodesics to
be able to study the scattering. We nd that the metric is Ka¨hler with a conical singularity
in the center which gives rise to right angle scattering for small impact parameters. In
section 5 we nd the metric on the relative moduli space of soliton solutions of the type
jnihnj for arbitrary n. We give the general expression for the metric which is again Ka¨hler
with the same qualitative behavior for the scattering. Finally we end with a discussion
in section 6.
2. Non-commutative solitons
In this paper we study three dimensional scalar eld theory in a space time where the
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d2x (∂tφ∂tφ + ∂1φ∂1φ + ∂2φ∂2φ + V (φ)) , (2.1)
where all elds are multiplied using the non-local star product,




2−∂2∂′1)A (x) B (x0) jx=x′ . (2.2)
We are interested in the limit where θ ! 1 and to study that limit we rescale the non-
commutative coordinates x ! xpθ. Then the star product itself becomes independent
of θ but we get explicit factors of θ in the energy functional in front of the kinetic term





d2x (∂tφ∂tφ + V (φ)) . (2.3)
If we are interested in time independent solutions we can drop the time derivatives and
the minimal energy solutions fulll the equation
∂V
∂φ
= 0 . (2.4)
In [8] it was shown that any eld satisfying the relation
φ ? φ = φ , (2.5)
gives a solution λφ, where λ is an extremum of the function V (x). By introducing the








they were able to reformulate the problem in terms of the familiar operators and states
of the harmonic oscillator. Namely, any function of x^1, x^2 can be written as a function of
a, ay which, as an operator, can be rewritten in terms of the operators










where the double dots denote normal ordering. In particular, any function satisfying
relation (2.5) is a projection operator and can alway be written as jAihAj for some state
jAi.
Using this method, taking into account that the jmihnj operators are normal ordered
and the φ (x^) operators are Weyl ordered, the authors of [8] were able to nd a whole set
of radially symmetric solutions φn corresponding to the operators jnihnj,






where r2 = x21 + x
2
2 and Ln are the Laguerre polynomials. These are all blobs centered at
the origin r = 0.
The energy functional is invariant under unitary transformations of the operators
jmihnj ! U jmihnjU y . (2.9)
One particularly interesting unitary operator is U = ea
†z−az¯ which acts as a translation
operator. Acting with this U on any of the above states simply translates the state to
be centered around the point z = 1p
2
(z1 + iz2). We use this in the next section to make
solitons that can move around and scatter o each other.
3. The two soliton solution
We want to study solutions corresponding to two of the basic solitons in the previous
section. By making the positions of these solitons weakly time dependent (the adiabatic
approximation), we can derive a metric on the relative moduli space and study scattering
of these solitons. We begin with the j0ih0j state. We thus would like to nd a solution to
(2.5) which, at large separation of the solitons should look like
φ0 (x− z) + φ0 (x + z) , (3.1)
where the relative distance of the solitons is 2z. From the previous section we know that
φ0 (x− z) / U j0ih0jU y , (3.2)
where U = ea




the solution we are looking for can, for large z, be written as
jzihzj + j−zih−zj , (3.3)
but unfortunately this is not a good solution for small values of z since the states jzi
are not orthogonal. Therefore, the authors of [8] dened new, mutually orthogonal, states





in terms of which we can write the solution as
λ (jz+ihz+j+ jz−ihz−j) , (3.5)
where λ is an appropriate normalization. Transforming this operator into a wave function
we get
φ0 (r − z) + φ0 (r + z)− 2e−2jzj2φ0 (r) cos (2r ^ z)
1− e−4jzj2 , (3.6)
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where r ^ z = x1z2 − x2z1 is a noncommutative factor reminiscent of the phases that
appear in the star product. Note that for large separation z ! 1, the total wave
function becomes that of two φ0 solitons at positions z, whereas when the solitons come
very close to each other, z ! 0, the solution goes to 2r2φ0 (r) which does not look like two
separate φ0 solutions, but rather like a new object, a \charge two" solution (actually, it is
a superposition of φ1 and φ0). This is exactly what happens for ordinary monopoles [15];
at large distance one can see two distinct monopoles but when they get close together
they lose their separate identity and merge into a charge two monopole. To illustrate this
we have plotted the two soliton solution (3.6) for various values of the separation in gure
1.
Figure 1: The 2 soliton solution for z = 2, 0.9 and 0 respectively
4. Scattering - the simple case
Now consider the two soliton solution (3.6) from the previous section and let the solitons
move by making the parameter z time-dependent. If the solitons move slowly enough, we
can make the approximation that the potential energy of the energy functional (2.1) is






d2x (2∂zφ∂z¯φ _z _z + ∂zφ∂zφ _z _z + ∂z¯φ∂z¯φ _z _z) . (4.1)
The coecients of the time derivatives of the z parameters are the components of the
metric of the relative moduli space and the equation of motion for the z’s is the geodesic
equation in this metric. We thus nd that the metric on the relative moduli space of












It is now straightforward but somewhat tedious to plug in the function (3.6) for φ in these
expressions and do the integrals to nd the metric. We nd a Ka¨hler metric with Ka¨hler
potential K (z, z) = ln sinh (2zz).
In polar coordinates
p









For large r, f = 1 and the metric becomes flat. This is expected, since the solitons don’t
feel each other when the separation is large, and hence the geodesics are just straight



















The last form of the metric looks flat, but the new coordinate ~θ = 2θ takes values between
0 and 4pi, and hence there is a conical singularity at the center of the moduli space.2 For
a cone, it is easy to compute the geodesics: in the (ρ, ~θ) coordinates, the geodesics are
straight lines, and thus a line coming in from ~θ = 0 goes out at ~θ = pi. Consequently, in
the physical coordinates (r, θ) a geodesic coming in from θ = 0 goes out at θ = pi
2
, and
all scattering is right angle, independent of the impact parameter. In our case we expect
to see this behavior only for geodesics that pass close to the singularity, corresponding to
right angle scattering for small impact parameter (just as in the monopole case), whereas
for large impact parameter we expect no scattering at all since the metric is flat for large
separations as discussed above. In between we expect to see crossover behavior; we have
checked our general arguments numerically.












where b is an integration constant. The geodesic can then be found numerically as











2The metric (4.3) has appeared in a dierent physical context in [18, 19]; however, in that context
the physics imposed dierent boundary conditions, and the space of [18, 19] is a Z2 orbifold of our space,
and consequently is regular at r = 0 but approaches a cone with positive defect pi for r !1.
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For large r (where f  1) the integral is elementary, and we nd θ (r)  b
r
, which implies
that b is the impact parameter. The exit angle (if the soliton comes in from θ = 0) can












where we have introduced the constant r0, the point of closest approach; this is related
to the impact parameter by b = r0
√
f (r0).
These formulas conrm our expectations about the scattering behavior.
5. Scattering - the general case
The extremely simple form of the moduli space metric in the previous section suggests
that there should be a simple way to derive it and to show that it is Ka¨hler. To show
this we go over to the operator language, and use the correspondence∫





The operators we need have the form j+ih+j + j ih j with h+j i = 0 and h+j+i =




( j _+ih+j + j+ih _+j + j _ ih j + j ih _ j )2
)
, (5.2)
which we can rewrite as
2 ( h _+j _+i − h _+j+ih+j _+i − h _+j ih j _+i+ h _ j _ i − h _ j+ih+j _ i − h _ j ih j _ i ) ,
(5.3)
since for any constant hAjBi we can \partially integrate" hAj _Bi = −h _AjBi. As explained
in [18, 19], this can be rewritten in a more compact form in terms of the projected
derivatives
jDti  _ji − jih _ji − jih _ji , (5.4)
as
hDt+jDt+i + hDt jDt i . (5.5)
Furthermore, in our case, we nd that h+j _ i = h j _+i = 0, which makes it possible to
write the projected derivatives in a form that does not mix the j+i and j i states
jDti = _ji − jih _ji , (5.6)
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and allows us to calculate the contributions from the  states independently.
We calculate the metric at level n by a recursive/inductive procedure. We consider
a state jn,i that is normalized and orthogonal to all jk,i, jk,i, k < n, as well as to
jn,i. The state has the form
jn,i = Nn,[ay jn− 1,i
Nn−1,




where j0,i  N0,(eza†  e−za†)j0i and the terms indicated by ... are determined by the
orthogonality conditions; we do not need their explicit form. The metric at this level is











The metric depends only on the projections of j∂n,i and j∂n,i orthogonal to jn,i:
jDzn,i  j∂n,i − jn,ihn,j∂n,i , (5.10)
and similarly for j∂n,i; we shall shortly see that j∂n,i is already orthogonal to jn,i,











+ _zj∂n,i+ _zj∂n,i )
jDtn,i = _zjDzn,i+ _zjDz¯n,i (5.11)
and substituting into (5.5). Since, as we shall see,
h∂n,jDzn,i = hDz¯n,j∂n,i = 0 , (5.12)
the metric is hermitean and takes the form
Gn, = hDz¯n,jDzn,i+ h∂n,j∂n,i . (5.13)
For future reference, we also dene
gn,  hDz¯n,jDzn,i . (5.14)
We now determine jDzn,i and j∂n,i. We begin with the orthogonality relations
hk,jn,i = 0 , k < n ,
hk,jn,i = 0 , k  n , (5.15)
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and dierentiate with respect to z and z; we nd
h∂kjn,i+ hk,j∂n,i = 0 ,
h∂kjn,i+ hk,j∂n,i = 0 , (5.16)
h∂kjn,i+ hk,j∂n,i = 0 ,
h∂kjn,i+ hk,j∂n,i = 0 . (5.17)
Our inductive assumption is
j∂ki / jk − 1,i , k < n . (5.18)
Then from eq. (5.16) we nd that j∂n,i is orthogonal to all jk,i, k < n and jk,i, k 
n. Consequently, j∂n,i is a linear combination of jn + 1,i and jn,i. This allows us
to use eq. (5.17) to determine j∂n,i:
j∂n,i = −h∂n− 1,jn,ijn− 1,i . (5.19)
Because j∂n,i is a linear combination of jn + 1,i and jn,i, by construction, jDzn,i
is proportional to jn + 1,i. This implies
j∂n,i = − hDz¯n− 1,jn,ijn− 1,i
= −pgn−1, jn− 1,i , (5.20)
where the last identity follows from eq. (5.14). Hence we have calculated part of the
metric (5.13):
h∂n,j∂n,i = gn−1, , (5.21)
and proven the inductive assumption (5.18) holds for k = n. We have also proven that
hn,j ∂
∂t
jn,i = 0, as required by (5.6), as well as the orthogonality constraints (5.12).
We now calculate the norm of jDzn,i by dierentiating hn,jn,i = 1 with respect
to z; using the denitions of the states j∂n,i, j∂n,i (5.8,5.9), and the orthogonality
relation h∂n,jn,i = 0, we nd
hn,j∂n,i + 2∂ ln(Nn,) = 0 . (5.22)
We may dierentiate this relation with respect to z to obtain:





+ 2∂ ∂ ln(Nn,) = 0 . (5.23)
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Substituting (5.22) into (5.23) gives




− 2∂ ∂ ln(Nn,) . (5.24)





= 0 ; (5.25)










and hence the norm of jDzn,i is (the square root of)
gn, = h∂n,j∂n,i − 2∂ ∂ ln(Nn,) . (5.27)
Consequently,
gn, = −∂ ∂ ln(N2n,) + gn−1, = −∂ ∂ ln(N2n,N2n−1,...N20,(−1)n) , (5.28)
and the full metric obeys
Gn, = −∂ ∂ ln(N2n,) + 2gn−1, . (5.29)
Clearly, this gives us an expression for the Ka¨hler potential in terms of N2k, for k  n.
To complete the determination of the metric, we need a formula for N2n,; we calculate
it, and nd a second expression for the metric. From the denition of j∂n,i (5.8) and







To evaluate the second term, we need to nd ajn,i. The leading term follows from the
denition of jn,i in eq. (5.7), and we are led to the ansatz
ajn,i = zNn,
Nn,
jn,i+ Cn,jn− 1,i+ ... (5.31)
where the terms represented by ... involve jk,i, jk,i for k < n− 1 and will be shortly
shown to vanish. Consider the inner products
hk,jajn,i , hk,jajn,i ; (5.32)
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for k < n − 1, since ayjk,i / jk + 1,i + ..., the orthogonality properties of jn,i
immediately imply that all these inner products vanish. Hence, as promised above, the
missing terms in (5.31) do indeed vanish. For k = n− 1, we use
ayjn− 1,i = Nn−1,
Nn,
jn,i+ ... (5.33)










jn− 1,i . (5.35)















which allows us to calculate the metric recursively using (5.28). Alternatively, we can
















This bears no obvious resemblance to (5.28); we have explicitly veried the consistency
of the formulas (5.38) and (5.28) to level n = 3.
Though the metrics increase in complexity as n increases, their qualitative behavior
for large and small r is the same, and consequently, the scattering of higher n solitons
should be basically the same as for the n = 0 case discussed in the previous section.
6. Discussion
In this paper we have shown that the metric on the relative moduli space of two solitons
of the type jnihnj for arbitrary n is Ka¨hler and we have given a general expression for
the Ka¨hler potential of this metric. The analysis was done for the case where the non-
commutativity parameter θ !1. By nding the geodesics of this metric we studied the
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scattering of these solitons against each other and found a universal behavior in that the
scattering always goes to right angle scattering for small values of the impact parameter.
This we understood as coming from a conical singularity at the center of the moduli space.
A natural and important question is what happens at nite θ. We hope that the
methods that we have developed in this paper can also be used in this case. Another
important question where we should be able to use our methods is in theories with more
non-commutative coordinates. One could also imagine studying nonspherically symmetric
solutions by choosing a dierent U operator corresponding to squeezed states.
An equally interesting question is to take the viewpoint of [9] where it was shown that
the solitons treated in this paper can be seen as lower dimensional D-branes of bosonic
string theory. Following this logic what we have done in this paper is to study D-brane
scattering. It would be interesting to compare our results with more direct calculations
of these processes in the D-brane language.
It would also be interesting to investigate scattering of soliton solutions of other type
of non-commutative theories. In particular it should be interesting to study the soliton
solutions of non-commutative Yang-Mills theory in this context.
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